INTRODUCTION
IN the field of animal breeding, the determination of optimum selection methods requires that the genetic value (1) of an individual (A) be estimable from such data as-A's phenotypic value (y), the mean phenotypic values of A's n full sibs (F) ; A's mñ half sibs (II), comprising m families of full sibs, the jth with n members, n = (L'n) /m ; A's pq progeny (P), comprising p families of full sibs, the jth with q2 members, = ('q)/p; and such combinations of these as F' = (y+nF)/(i+n), S = (nF+ mnIl) /(n + mñ) and 5' = (y+nF+mñfl) /(' + n + mn). This estimate is obtainable on the assumption of a suitable genetic model and an application of the statistical technique of multiple regression to I and the subset of the means y, F, H, P, F', 5, 5' on which it is to be based.
As is evident from the work of Lush (i), Lerner (1950) and Osborne (1957) , the genetic model almost invariably adopted is one in which the phenotypic value of an individual is considered as due to independent additive factors with superimposed non-interacting random and non-random environmental effects, and, although more sophisticated formulations have been developed, this simple model appears to be adequate in many situations and is, in practice, the basis of most agricultural advice as to optimum breeding plans.
However, there has been no systematic treatment of the various possible cases of interest and, although most of the simple regression formulae have been presented at one time or another, those of multiple regression have been generally neglected, as witness Lerner et al. (1947) requiring the partial regression coefficients of I ony, F and P and of I on F and P and applying instead the simple regression coefficients. In fact, the only case of multiple regression fully discussed has been that of the estimation of I from y and F, Lush (zz7), and although this has been extended by Osborne (1957) to the estimation of I fromy, F and 17 the discussion is subject to the restrictions that half sib families are all of equal size (i.e. n = ñ for all i) and nonrandom environmental effects are absent.
In the following sections, therefore, the various cases of estimation are considered systematically and explicit formul for the regression coefficients and the relative selective advance are derived, arbitrary 499 500 R. JARDINE numbers of relatives and non-random environmental effects being allowed. The necessary modifications when all individuals are inbred are also indicated.
GENETIC MODEL
Each individual involved in the estimation is considered to be a member of a hypothetical population in which phenotypic value, y, is given by-= M+g1+g'1+g2+g'2+ ...+g+g'+u+c+e, the joint variations of these individuals being subject only to restrictions consequent on genetic relationship and common environment. M is a constant and the other symbols random variables, g and g' describing the effects of the two genes representing the jth factor, u and c nonrandom and e a random environmental effect. The variables g1 and g' may assume values a or b with probabilities p and q, respectively, where p+q = i and p1a+qb = o. The non-random environmental effects are due to individuals sharing a common environment, u being assumed to take the same value for full sibs and c the same value for all individuals housed together, and either or both may be assumed zero as appropriate. In the cases considered below, c takes the same value for all individuals full or half sib to each other and of the same generation. Genetic value, T, is given by-I = M+g1+g'1+g2+g'2+ and all random variables in the model are of mean zero and uncorrelated (except as below) in accordance with the assumptions previously adopted.
Using the term locus to refer to a specific section of a chromosome, two loci may be defined as identical if they have both been derived from some one locus at a previous meiotic division, so that, excepting mutation, the same allele of a factor is represented by the genes at those loci. Then, following Malcot (1948) , one may define the coefficient of inbreeding (c.i.),f, of an individual as the probability that the two loci representing any factor are identical, and the coefficient of relationship (c.r.), g, of two individuals as the probability that two loci representing any factor, one being nominated at random from each individual, are likewise identical. Thus, the coefficient of inbreeding of an individual is the coefficient of relationship of its parents, and the population to which the probabilities refer is hypothetical and generated by infinite repetitions of the pattern of matings antecedent to the individuals being considered. 
so that h2+u2+c2H-e2 = i. The heritability of the character being considered is h2 and the reproductibility (h2 +u2 +c2).
ESTIMATION FORMULAE
The genetic value T of an individual is to be estimated from the values of some selection of the means), F, 17, F, F', and and the appropriate formulae are listed below for a variety of cases, being set out as :- These formulae provide, in effect, average values over a population defined by the partition of the variance of phenotypic value as
This case is considered by Osborne (r'), and substituting (n-i) for n, (d-i) for m, n for ñ and i for k,
by.p# = and Osborne's coefficients b2 and b3 are then given by- 
The formulae of the preceding section can all be generalised so as to apply to inbred individuals, the necessary coefficients of inbreeding and relationship being readily calculable, given the individuals on which the estimation is to be based and the pattern of matings which gave rise to them.
Consider, s an example, the random mating of a finite set of M males and F females where the coefficients of inbreeding and relationship in successive generations arçf', g' andf, g, respectively. Then, if H is the harmonic mean of M and F, i.e. 2MF/(M+F),
and the coefficient of relationship between individuals of the male (female) parent and progeny groups, g (g), is given by substituting M (F) for H in the above formula for g. This recurrence relation is also applicable to other mating systems if appropriate values are given to M and F. Thus for selfing M = F = , H = for full sib mating M = F = i, H = i ; for half sib mating M = i, F = cc, H = 2; and for random mating (infinite population) M = F = cc, H = cc. Such coefficients may be calculated successively from an initial stage when individuals are non-inbred and unrelated, and are applicable in such formul as are given in the next section.
Moreover, when pedigrees are known precisely, it may be noted that, while the coefficients of inbreeding and relationship of specific individuals refer (as previously stated) to the probability of certain loci being identical, it is, of course, a matter of chance, subject to such probabilities, whether those loci are or are not actually identical. This latter statement is equally true for the random mating considered 506 R. JARDINE above, where pedigrees are not precisely known (any two individuals may actually have o, x or 2 parents in common), but now the coefiucients do not give the probability of certain loci being identical for the specific individuals concerned, but the average of such values as are generated by the random choice of parents for those individuals.
ESTIMATION FORMULAE-INDIVIDUALS INBRED
Consider an individual A and the groups of relatives specified in section i. In A's generation the c.i. and c.r. within full sib groups are f' and g', respectively, and the c.r. between full sib groups, g'. Similarly, in the progeny generation the c.i. and c.r. within full sib groups aref and g, respectively, and the c.r. between full sib groups, g.
In addition, the c.r. between A's progeny and A is C; _A's progeny and A's full sibs, C; and A's progeny and A's half sibs, C'.
Define S' = (i+f'h2), S = (r-+-fh2), T' (2g'h2+u2+c2), T = 
The regression analysis of I for any selection of the independent variables may now be carried through numerically, for any particular case, by the use of these formulae or, alternatively, the regression formulae calculated explicitly (as previously and when not inordinately long), numerical values being substituted later. Although these more general formulae do not appear to be particularly useful, a selection of the simpler cases is given below and set out as before. The relative selective advance is now the square root of the sum of the items listed under (c) divided by (i +J")h2/\/S', rather than h2 as before.
(c) F,
ANIMAL BREEDING AND GENETIC VALUE 509 6. DIFFERENCES IN GENETIC VALUE When related individuals are to be compared, the foregoing formul require modification, and several cases are discussed below. (IA-YB) is to be estimated from (PA-PB). Defining L = 2pq/(p + q), the regression formulae required are those given as 4 of section 5 (for the case where p = i, q = q) when (f-2g) is substituted forf, (g-g) for g, (G-G0) for G, L for q and with c2 = o.
DISCUSSION
The greatest scope for the use of formulae such as have been considered in the previous sections is in the field of poultry breeding and, although it is not intended to discuss alternative breeding plans here, several points mentioned in the introduction, and referring to this application, may be considered briefly.
Firstly, as a matter of interest, the use of simple instead of partial regression coefficients may be examined, for Lerner's example and numerical values are given in table i. The actual gain was 6 eggs, the estimate using simple regression coefficients 528 eggs, and that using partial regression coefficients 465 eggs. This last figure is 17 per cent. low on the observed value rather than 57 per cent. as 510 R. JARDINE indicated by the former estimate, and the difference is therefore not trivial.
Secondly, as regards Osborne's recommendation as to the use of half sib data, it is of interest to note the influence of non-random it is suggested that such data should only be used if positive steps are taken to ensure that such effects are zero and that no a priori assumption of their being so is either adequate or justifiable. Finally, it may be noted that Ic and 1 (which are a measure of the inequality in half sib and progeny family sizes) occur in the denominators of the formulae for the relative selective advance and, being always greater than or equal to x, maximum advance is attained in this latter case when half sib and progeny families are all of equal size. However, as Osborne suggests, inequality in this respect appears to be trivial. from the use of those means, these formulae being derived on the assumption that phenotypic value is due to independent additive factors with random and non-random, non-interacting environmental effects. The necessary formulae are also provided for extension to those cases where individuals are inbred, and the estimation of differences in genetic value is discussed for several simple situations.
